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Abstract 

We study supersymmetric quantum mechanics on RP„,S0(n),G2 and U(2) to 
examine Witten's Morse theory concretely. We confirm the simple instanton pic- 
ture of the de Rham cohomology that has been given in a previous paper. We use 
a reflection symmetry of each theory to select the true vacuums. The number of 
selected vacuums agrees with the de Rham cohomology for each of the above man- 
ifolds. 
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1 INTRODUCTION 

In a previous paper/ the author has investigated Witten's Morse theory^ for SO(n).^ 
Instanton effects between adjacent classical vacuums have been studied. Using 
reflection symmetries of the theory, a selection rule for true vacuums has been 
given. This selection rule works well, at least for n < 5;^ the number of selected 
vacuums agrees with the de Rham cohomology of SO(n). The main purpose of 
this paper is to show that the selection rule works well for arbitrary n. We also 
apply the selection rule to some related manifolds RPn, G2 and U(2) ;RPi — S0(2), 
RP3 2± SO(3),G2 C 0(7) and U(2) ~ S0(2) x SU(2). 

This paper is organized as follows: In Sec.II we review supersymmetric quantum 
mechanics on a manifold M. The selection rule for true vacuums is stated in this 
section. The manifold RP„ are studied in the third section. The manifold RP„ 
are simple and this section will be helpful to understand the following sections. In 
Sec. IV the de Rham cohomology of SO(n) is derived for arbitrary n by the selection 
rule. The manifolds G2 and U(2) are discussed in Sec.V and VI, respectively. The 
results are summarized in the last section. 

2 SUPERSYMMETRIC QUANTUM MECHAN- 
ICS ON A MANIFOLD 

The supersymmetric hamiltonian on a manifold with Morse function h is given by 

^ = -^(44+4^)' (1) 

where dh = e~^de^,d\^ = e^d}e~^,d is the exterior derivative and d) is its adjoint 
operator. In (any) coordinetes {x^}, the exterior multiplication ed,xi^ and the interior 
multiplication i_d_ can be identified with the fermion creation operator ?/;*^ and the 
annihilation operator ■0^ and we have 

d = Vi*'^V^, S = g-'^V^,g'^g>'''^,, (2) 
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where g is the determinant of the metric tensor g^^, and V^^ is the covariant derivative 

= ^ - r^^*>A. (3) 

The hamiltonian H [(1)] takes the form: 

2H = -g-H^g"^g^^V. + R.^^rrr^r^'V + ^'^'^^ + ^A^^, r], (4) 
where Rf^uaT is the Riemann tensor, and Hi^^, is the Hessian matrix 

H;,, = (d^d, - r^^,dx)h. (5) 

The corresponding Lagrangian is 

1 dxi^ dx" 1 dh dh , . , , dx" , 



+H^,r''^^ + \R^,.arvrr^r^- (6) 



The gradient flow equation of (6) is 



dt ^ dx^ 

A relevant instanton solution satisfies (7) and connects adjacent critical points. 

There is one classical vacuum for each critical point of h? Around each critical 
point, h has the expansion 

h = ho + Y.Ul (8) 

i 

where Aj are eigenvalues of the Hessian matrix and are the corresponding local 
coordinates. The classical vacuum around a critical point corresponds to an Z— form: 

\i)=jm,m. (9) 

Ai<0 

where I represents the number of the excited fermions(the negative eigenvalues) and 
|0) is the bosonic vacuum. 

The true vacuums are determined by the quantum tunneling between adjacent 
classical vacuums (9). According to Witten,^ one has 



(Z + 11410 = E«7e-^'^^^'"'^-'^^^''^^ (10) 
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where n-y is an integer assigned for each instanton path 7 from p(') to p(^+^). If a 



state \l) does not couple with any adjacent classical vacuums, that is if dh\l) = 
and {l\dfi = , \l) is a true vacuum. 

If there are plural instanton paths connecting a pair of adjacent critical points, it 
is not so easy to determine whether the matrix element (10) is zero or not, because 
of the notorious minus signs associated with fermions. In fact, for SO(n), there are 
exactly two instanton solutions between each pair of adjacent classical vacuums.^ 
The selection rule given in Ref.l is as follows. Find a reflection transformation 
that leaves h,dh,d\, and consecuently H invariant and that interchanges the two 
instanton paths. If the parities of a pair of adjacent classical vacuums are the same, 
the corresponding matrix element does not vanish, and the two classical vacuums 
are not true vacuums. If the parities of the two classical vacuums are different, the 
corresponding matrix element vanishes, and the two classical vacuums can be true 
vacuums. Repeat this for each pair of adjacent classical vacuums, and one obtains 
all true vacuums. 

In the following sections, wc apply this selection rule to SO(n) and some related 
manifolds . We see that the number of true vacuums agrees with the de Rham 
cohomology for each manifold. 



In this section, we discuss the real projective space RPn, which is very simple but 
non-trivial. The manifold RPn can be identified with (n + 1) x (n + 1) real matrices 
A with conditions = A,A'^ = A and tvA = 1.'^ Concretely, we have 



3 RP 



n 



A = {xiXj), i, j = 0, 1,2, • • • , 



n 



(11) 



n 



n 



where 




Let us introduce the following polar 



coordinates 



xi = sin 01 cos 02 , 
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= sin 9i sin 62 cos ^3 , 



Xn-2 = sin^i sin^2 ■ • •sin6'„_2 cos6'„_i, 
Xfi-i = sin 61 sin 62 - ■ ■ sin 9n-2 sin 9n-i cos 0„ , 

x„ = sin^i sin02 ■ • • sin^„_2 sin6'n,_i sin^„, (12) 

with -f < 6li < f . 

Fix real numbers cq,ci, - ■ ■ ,Cn with q+i > 2ci > 0. Then 

n 

h = Y,Cixj (13) 

1=0 

is a Morse function on RP^'* with critical points P^'^ 

P«=diag(0,0,---,0,xf = l,0,---,0). (14) 

Around P^'^ , h has the expansion 

h = {co - ci){xoXif -\ \- {ci_i - ci){xi^ixif + ci 

+ (q+i - ci){xi+ixi f H h (c„ - q)(x„a;/)^. (15) 

The classical vacuum around P^^-* is / fermions excited state 

\i) = roirir--i^iii\o), (16) 

where ■0*^ is the fermionic mode corresponding to XiXj . 

We introduce a metric on RP^ and find reflection symmetries of the theory and 
instanton solutions concretely. We introduce the following metric 

1 dA'dA 

= t'W.Wi ^''^ 
The non-zero components of gij and Christoffel symbols are 

511 = 1, gu = sin^ 0i sin^ 6*2 •• • sin^ 6*2-1 , i = 2, • • • , n 

T{. = cotei ,i = l,--- ,n-l, j = i + l,---,n. (18) 
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The Morse function h [(13)], the metric gij and the corresponding supercharge 

_ (19) 

/=i+l 

are invariant under the fohowing transformations 



d=v**v, = r'(^-cot^, r'^j), 

* j=i+l 



(20) 



Subsequently, the theory is invariant under these reflection transformations. Under 
the transformation [i], xj transform to —Xj if j > i, and Xj are invariant if j < i. 
The fermionic modes '0^^ have the same transformation properties ctS 3y J X 
Prom the gradient flow equation (6), we have 

= (co - Ci-i + (cj - Co) cos^ 9i+i + (cj+i - Co) sin^ 6'i+i cos^ 9i+2 



+ h (c„ - Co) sin^ 9i+i sin^ 6i+2 ■ ■ ■ sin^ 6'„) sin 26*1, i = 1, • • • n - 1, 



^ = (c„ - c„_i)sin26'„. 



(21) 



One finds that there are exactly a pair of instanton paths that connect \l — 1) and 

10 [(16)] 

l-l I 



I 



A 



l-l 



\ 







cos^ 6i =b sin 9i cos 9i 
± sin 9i cos 9i cos^ 9i 



(22) 



V 0/ 

where < 0/ < | . Each of these two instanton solutions causes non-zero instanton 
effect between \l — 1) and 
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Let us consider the transformation [I] . This transformation interchanges the two 
instanton paths. Under this transformation the two classical vacuums transform as 



Thus if I is even, the two classical vacuums \l — 1) and \l) have the same parities, 
which means that the classical vacuums \l — 1) and \l) are quantum mechanically 
coupled, and are not true vacuums.^ If I is odd, the two classical vacuums \l — 1) 
and |Z) have the opposite parities and the two instanton effects cancel each other. 

One obtains the following results. For n =even there is only one true vacuum |0), 
and for n =odd there are two true vacuums |0) and |n). These results agrees with 
the de Rham cohomology of RP„;for n =even, there is one non-zero betti number 
bo = 1, and for n =odd, there are two non-zero betti numbers bo = bn = ^■ 



In Ref.l, all the classical vacuums, all the instanton solutions and symmetry trans- 
formations are identified for a certain Morse function on SO(n). We review them 
to find true vacuums for arbitrary n. 

Let A = (aij) be a group element of SO(n), and fix real numbers ci,C2,...,c„ 
with Ci > 2ci_)_i > 0. Then 



|Z-1)^|Z-1), 



10 -(-1)10- 



(23) 



4 SO(n) 



n 




(24) 



i=l 



is a Morse function^ on SO(n) with critical points P^'-*, 



= diag(el,e2,••• 



en) 



ei = ±l,l[ei = 1. 



(25) 



n 





(26) 
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where 



- U , 
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X '^J I \ J- . 



7/^ J — fl^j Clji. 



(27) 

(28) 
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A vacuum state which is locahzed around a critical point with the Morse index 



I is 



10 =n n K n^jo)- 



(29) 



i<j ei=tj=l 



There are exactly a pair of instanton solutions between the critical points diag(ei, 62, 

, ei-i, -1, 1, ei+2, ••■,£„) and diag(ei, 62, • • • , e^-i, 1, -1, ei+2, ■■■,€„) : 
/ ei \ 



cos =F sm t 
=f sin — cos ( 



V 



(30) 



Some changes of the sings are needed in (30) for the instanton solutions between 
the critical points diag(ei, e2, • • • , e„_2, —1, —1) and diag(ei, 62, • • • , e„_2, 1, 1). 

The theory is invariant under each of the super symmetric generalizations^ of the 
following reflection transformations 



and aji 



-Qji ,j ^i,i = 2,3,--- ,n. 



and the transposition 



(31) 



(32) 



We call the corresponding supersymmetric transformations as [i] and [t], respec- 
tively. Supersymmetric generalization means that the corresponding fermionic modes 
are also transformed. A transformation that is useful to elucidate true vacuums is 
the transformation that interchanges the two instanton solutions (30). 

For the instanton process corresponding to (30), the transformation [i] is rel- 
evant. Prom (29), one sees what kind of fermionic modes are newly exited or 



suppressed in this process. In this process, only the fermionic modes including 
the indices i or i + 1 can newly be exited or suppressed. At first, the fermionic 
modes ■^^^ and k = 1, - ■ ■ ,i — 1, are excited in pair ^'l^^-i'tiki+i = 1- They 

change into '^^^^'4^\f.^^^ iii this process, but do not cause any changes in their parities. 
In this process, the mode V'^ii+i is newly exited. As for the fermionic modes 
and A; = i + 1, • • • , n, the corresponding exited modes are V'^^^^^. and V^l^^jj.; 

for efc = 1 and = —1, respectively. In this process they change into Vj^j^, and 
■01.^ , respectively. Thus, in this process the number of the index i increases by n — i, 
and the number of the index i + 1 diminishes by n — z — 2 in the exited fermionic 
modes. The number of exited 77-modes does not change, so this process is not pro- 
hibited by the transformation \t\ ( the instanton process below (30) is prohibited by 
\t]). Taking the transformation [i] or [i + 1] into consideration, we see that the two 
instanton effects cancel each other if n — i is odd, and they add up if n — i is even. 
Applying this simple rule to all the instanton solutions, one can easily select all true 
vacuums. 

Let us first consider SO(2?7. — 1). We mark the elements of the critical points off 
two by two 

diag(ei,e2 | 63,64 | ••• | e2„-3,e2n-2 I e2n-i)- (33) 

Prom the above rule, one sees that there are instanton effects between the two states 
around the following critical points 

diag(ei, €2 | • • • | 1, -1 | • • • | em-i) diag(ei, £2 | • • • | -1, 1 | • • • | e2n-i)- (34) 

On the contrary, if 62^-1 = €2i{i = 1,2, • • • n — 1) , the corresponding state does 
not affected by instanton effects, and it is decided to be a true vacuum. Thus, the 
critical points that correspond to true vacuums are 

diag(ei, ei | 63, €3 | • • • | e2n-3, e2n-3 I !)• (35) 

2n-3 

Their Morse indices are (4n — 3 — 2i)ej. This formula agrees with the de Rham 

i=odd 
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cohomology of S0(2ra — l):A(x3, xy, • • • , x^n-b)-^ 

In the same way, for S0(2n), the critical points that correspond to true vacuums 
are found to be 

diag(e2n-l | ei,ei | 63,63 | ••• | e2n-3,€2n-3 I e2n-l)- (36) 
2n— 3 ^ _l_ -j^ 

Their Morse indices are 

J2 (4n - 3 - 2i)ei + (2n - I) ^ ^ , which agrees with 

i=odd 

the de Rham cohomology of SO{2n):A{x3,xy, ■ ■ ■ , x^n-b, X2n-i)-^ 

5 G2 

The group G2 is a 14-dimensional submanifold of 0(7). An element A of G2 is given 
by three 7-components vectors aj(i = 1, 2,4); 

M(7, 3; R) D G2 3 ^ = (ai, 02, 04), (37) 

with conditions \ai\ = l(i = 1,2,4) and (01,02) = (01,04) = (02,04) = (0102,04) = 

7 

0. The inner product and the absolute value are defined by (oi,Oj) = ^OfejOjtj, 

k=l 

ioil = a/ {ai,ai) and the products OiOj are defined using octonians(see Appendix ). 
Fix real numbers ci, C2 and C4 with ci > C2 > C4 > 0. Then 

/i = cioii + C2O22 + C4044 (38) 

is a Morse function on 02."^ This Morse function has eight critical points with 
the Morse indices Z = 0, 3, 5, 6, 8, 9, 11 and 14. We are interested in the following 
four classical vacuums |5),|6),|8) and |9) which are localized around the critical 
points (oii, 022, 044) = (—1, 1, —1), (1, —1, —1), (—1, 1, 1) and (1, —1, 1), respectively. 
Around each critical point (ei, €2, €4), h has the expansion ^ 

h = Y^eiCi + ^ Y^i^ijCfj + HijVij) - eiCi(o|i + aj^ + o^^) - e2C2(o§2 + 0^2 + ^72) 

i i<j 

-e4C4(o|4 + 064 + O74) - ^(034 052 06l)B(034 O52 06l)*,(39) 
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where i,j = 1,2,4 , jJ-ij , ^ij and rjij are defined by (27) and (28), and B is the 
following 3x3 matrix 

^ 4:6404 + €202 + €±01 2e2C4 + 26^02 — 61626401 26iC4 - 616264C2 + 264C1 ^ 

B = 2e2C4 + 264C2 — 616264C1 64C4 + 462C2 + 61C1 616264C4 — 26iC2 - 262C1 

261C4 — 616264C2 + 264C1 616264C4 — 261C2 - 262C1 64C4 + 62C2 + 46lCl y 

Prom (39) one finds classical vacuums as 

|5) = |a32, a62, 072, 024 + (142, (a34, 052, aei)), 

|6) = |a31) «51) «71) O12 + 021) ^14 + «41, («34, «52, «6l))) 
|8) = 1032,062,072,024 — 042, (034, 052,061), 054, 064, 074,), 

|9) = I031, 051, 071, ai2 — 021, 014 — 041, (034, 052, oei), 054, 064, 074), (40) 

where the modes in the ket vectors denote exited fermionic modes and (034, 052, a6i) 
represents a certain linear combination of 034,052 and a6i. 

Let us discuss instanton solutions of G2. Embedding G2 into 0(7) (see Ap- 
pendix), we see that the critical points that corresponds to |5), |6), |8) and |9) are 
elements of SO (7). The Morse function (38) will be obtained from (24) by imposing 
some restrictions on the coordinates for SO (7). Accordingly, instanton solutions 
of G2 should be included in that of S0(7). Consider the pair |5) and |6). There 
are four instanton solutions of S0(7) that connect (011,022,044) = (—1, 1, —1) and 
(1,-1,-1) (these are diag(— 1, 1, — 1, — 1, 1, — 1, 1) and diag(l, — 1, — 1, — 1, — 1, 1, 1) 
in S0(7), respectively): 



/ cos a ± sin a 
± sin a — cos a 



\ 



-1 



-1 



— cos P ± sin /? 
± sin (3 cos P 



\ 



(41) 



Setting a = P , Eq.(41) represents two paths in G2 and gives two instanton solutions 
in G2. Thus, we have found that there are exactly two instanton solutions in G2 
that connect |5) and |6). Under the transformation 012 — > —012,021 — > — 021, which 
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induces the transformation a^Q —CLbe, ci65 ~^ in terms of 0(7), the two 

instanton solutions are interchanged. We use this transformation to elucidate true 
vacuums. In the same way, one finds that there are two similar instanton solutions 
between |8) and |9). 

We will determine whether there are instanton effects or not between the classi- 
cal vacuums (40) . A reflection transformation that is useful to this purpose is such 
transformation under which the following each set of modes (ai2, 021)) (034, 052, aei), 
(014,041) and (024,042) has the same parities. For SO(n), we have seen that a re- 
flection transformation that transform a group element to a group element makes 
the theory invariant.^ As G2 is a subgroup of 0(7), some reflection symmetries for 
SO(n) will survive as symmetries for G2 with suitable restrictions. For G2, one finds 
eight reflection transformations that transform a group element to a group element. 
These eight transformations , which are certain combined transformations of [i\ for 
SO(n), will be symmetries of the theory. Among these eight transformations, the 
four transformations in Table I interchange the two instanton solutions (41) with 
a = (3. 



Table 1. 

The classical vacuums |5) and |6) have the same parities under each of the four 
transformations. Thus, the matrix element (6|c?/i|5) is non- vanishing, and |5) and 
|6) are not true vacuums. In the same way, one finds that |8) and |9) are not true 
vacuums. We have found that true vacuums are |0), |3), |11) and |14) in accordance 
with de Rham cohomology of G2; 6p = 1 for p = 0,3,11,14 and 6p = for the 
others. 
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6 U(2) 



In this section we discuss U(2), which is topologicaly identical with S0(2) x SU(2). 
We parametrize an element A of U(2) as 

xii+iyii xu + iyi2 \ ( cos 0e^("+'^+^) - sin 0e^("+'^-^) \ 
\x2i+iy2i X22 + iy22 J 1^ sin^e^("-'^+^) cos ^e^^"-"^-^) )' ^ ' 

< 6' < TT, < a, 0, V' < 27r. 

Fix real numbers ci,C2 with C2 > 2ci > 0. Then 

h = cixu + C2X22 = (ci cos(a + ^ + -0) + C2 cos(a — (f) — ip)) cos 9 (43) 
is a Morse function on U(2).^ This Morse function has four critical points 



We denote the corresponding classical vacuums as |0), |3) and |4) , respectively. 
Around each critical point (ei,e2), h has the expansion 

8^ = (eici + e2C2)(8- (eixi2 -e2X2i)^ - (ei?/i2 + 62^/21)^) -4eiCi?/ii -4e2C2yi2- (45) 
Prom this expansion one finds that 

|0) = |0), |1) = |0, (46) 

|3) = \r],xi2 + X2i,yi2-y2i), |4) = r?, X12 - X21, yi2 + ^21), 

where ^ = a + (f) + tp and r] = a — (p — jp. We introduce the following metric 

_i d^dA 

where the indices i denote 9, a, ip and (f). The non-zero components of gij and 
Christoffel symbols are 

= 1, = 9tlj't> = cos 29, (48) 

-pd —-p0 _ „;„ no ■n4> _ pV' _ 
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The covariant derivatives are 

Va = da, V0 = ae + -^(r^^^ + V'*^V',^), (49) 

sm 20 
sin 26' 
sin 26' 

Consider the following simultaneous transformation 

e\r'\4'e^ ^ -9\-r'\-i^6^,e' = a,^,^, (50) 

which makes the Morse function h invariant. Under this transformation the covari- 
ant derivatives Va, and V,/, reverse the sings and is invariant. Accordingly, 
the supercharges dhjdj^ and the Hamiltonian is invariant under (50). 
The gradient flow equations are 

— = — (ci cos ^ + C2 COS T]) sm ^, 

— = — (ci + C2) sin^sinacos(0 + -i/") + (c2 — ci) cos^cosasin(0 + -0), 

dip 

Itt ~ ~dt 

COS 

= ((c2 -ci)sinQ;cos((?!> + V) - (ci + C2) cos a sin(^ + V)):; t^t:- (51) 

1 + cos zv 

The degrees of the freedom has reduced to three. Let us consider the equations in 
the {6, 77)— plane. There are four fixed points {9, rj) = (0, 0), (0, tt), (tt, 0) and (tt, tt). 
Around these fixed points the gradient flow equations (51) become simple: 

~ 0, — = — 2c2sin77, 
dt 

_ dri ^ , 

6' ~ TT, — = 2c2Sinr7, 
dt 

d9 

77 ~ 0, 'dt ^ -(c2 + ciCOS^)sin6', 
d9 

77 ~ TT, ~ (c2 — ci cos^) sin^. (52) 

One sees that (6*, rj) = (0, 0), (tt, tt) are stable fixed points and that {9, rj) = (0, vr), (vr, 0) 
are unstable fixed points irrespective to the value of ^. 
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The initial and the final conditions of a solution that connects P^*^^ and P^^^ 
are both cos cos r/ = —1. So, for solutions of (51) that connect P^^^ and P^^\ one 
concludes that {0,r]) = (0,7r) or (tt, 0). Under these conditions the gradient flow 
equation of ^ becomes 

^ = ±2cisin^. (53) 
There are exactly two instanton solutions that connect P^^^ and P^^^ 

^=('7 -i)' 0^^^^- (5^) 

For solutions that connects P^^^ and P^^^ , one sees that {6, rf) = (0, 0) or (tt, tt) 
and that there are exactly two instanton solutions 

By the transformation (50), ^ reverses the sign and the two instanton solutions 
(54) ((55)) are interchanged each other. Under this transformation |0) and |3) have 
even parities and |1) and |4) have odd parities. Therefor, there are not instanton 
effects in the processes P(°) P^^) and P(^) P^^\ Our result for U(2) is that 
|0), |1), |3) and |4) arc all true vacuums. This result agrees with the dc Rham 
cohomology of U(2); 6p = 1 for p = 0, 1, 3, 4 and bp = for the others. Our result 
is one of the examples of the Kunneth formula for a product manifold M x N 

7 SUMMARY 

We have studied supersymmetric quantum mechanics on RPn, SO(n), G2 and U(2) 
as concrete examples of Witten's Morse theory. We have identified all the true 
vacuums for each theory. The number of the true vacuums agrees with the de Rham 
cohomology for each manifold. We have seen that the simple instanton picture that 
the author proposed for SO{n)'^ holds for the above manifolds. For each pair of 
adjacent classical vacuums, there are exactly two instanton solutions which are 
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interchanged by a reflection transformation of the theory. Owing to the reflection 
symmetry, it is easy to decide whether the two instanton effects cancel each other 
or not. 
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APPENDIXiMULTIPLICATION RULE in G2 
and EMBEDDING 

We note the multiplication rule in G2. For elements of G2, the following expan- 
sions by octonians ej are taken into account 

7 / aii\ 



\a7iJ 



Note that eo = 1 does not appear in the expansion. 



Table. II. 



The multiplication rules of octonians are defined as usual(see Table II); for example, 
6162 = 63,6563 = -66, and ef = -1, eiCj = -ejCiii ^ j). Explicitly, 03 = 0102 is 
given by 

/ -031022 + 021032 - 051042 + O41O52 - 071 062 + O6IO72 \ 
031012 — ail032 + 061042 — 041062 — 071052 + 051072 
—021012 + 011022 — 071 042 — 061052 + O51O62 + O41O72 
03 = 051012 — 061022 + 071032 — 011052 + 021062 — 031072 
-O41O12 + 071022 + O61O32 + 011042 - 031062 - 021072 
071 012 + 041 022 + O51O32 — 021042 — O31O52 — O11O72 

y -061012 - 051022 - 041032 + 031042 + 021052 + 011O62 ) 

An element A of G2 is embedded into 0(7) as follows 
A = (01,02,04) (01,02,0102,04,0104,0402,010402) e 0(7). 
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TABLE I. Symmetry transformations that interchange the two instanton solu- 
tions (41) with a = (3. The minus signs mean that the corresponding elements a^i 
,z = 1, ■ ■ ■ , 4, A; = 1, • ■ • , 7, reverse the signs(a3 is not independent). 





1 


2 


3 4 


1 

2 


+ 


+ 


- + 
+ - 


3 




+ 


+ - 


4 


+ 




- + 


5 


+ 




- + 


6 




+ 


+ - 


7 




+ 


+ - 





1 


2 


3 4 


1 
2 


+ 




+ + 


3 


+ 


+ 


+ + 


4 
5 


+ 




+ + 


6 


+ 


+ 


+ + 


7 




+ 







1 


2 


3 4 


1 
2 


+ 


+ 


+ - 
- + 


3 


+ 




+ - 


4 




+ 


- + 


5 


+ 




+ - 


6 




+ 


- + 


7 


+ 




+ - 





1 


2 


3 


4 


1 
2 


+ 


+ 


+ 


+ 


3 




+ 


+ 


+ 


4 




+ 


+ 


+ 


5 




+ 


+ 


+ 


6 


+ 








7 


+ 









TABLE II. Multiplication table of octonians ej. 





ei 


62 


63 


64 


65 


66 


67 




-1 


63 


-62 


65 


-64 


67 


-66 


62 


-63 


-1 


61 


-66 


67 


64 


-65 


63 


62 


-61 


-1 


67 


66 


-65 


-64 


64 


-65 


66 


-67 


-1 


61 


-62 


63 


65 


64 


-67 


-66 


-61 


-1 


63 


62 


66 


-67 


-64 


65 


62 


-63 


-1 


61 


67 


66 


65 


64 


-63 


-62 


-61 


-1 
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